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dinates x,y through the equations 

U2 ] ' I 2  du 
(1 + u2)(tan2 28 - u2) 

7 = f;'" [ 1 + 
(12a) 

w2(u) (" - + -  fi)]1'2 du (12b) 
P = JIo=l[ 1 + 1 - wyu)  Rc 

where the function w(u) is 

w(u) = u sin (k) ex.[ (u2 - l)& ] (13) 

Calculation of Crystallographic Coordinates from 
the Generalized Coordinates. Crystallographic coor- 
dinates (see Figure 1) can be obtained from the gc and the 
parameters b = C-C bond length and c = helix repeat (i.e., 
lattice c constant) as follows: 

(i) evaluation of cylindrical coordinates 1,4, z for C2 and 
C3 atoms (42 = 0, z2 = 0 by definition), 

41 = COS g2 - C O S ( ~ / ~ T  - g2) (144 

(ii) definition of the positions of other carbon atoms of 
the chain C5, C6, C8, and C9 by applying the 31 screw 
operator twice; (iii) definition of the positions of the methyl 
side groups C1 by intersection of the cone of axis C9'-C2 

and aperture T - g, with the cone of axis C3-C2 and 
aperture T - g3 (the choice between the two possible so- 
lutions is a matter of chirality), a similar construction 
applies to C4 and C7 atoms; (iv) change of the origin 
making z1 = 0 and 41 = 0; (v) rotation of 9 of the whole 
helix and translation of xo,  yo, zo. 

In the evaluation of Idcd hydrogen atoms were also 
considered by placing them according the ideal sp3 geom- 
etry for carbon atoms and staggered conformations for 
methyl groups. 
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ABSTRACT The effect of excluded volume on segment orientation in rubber elasticity is studied by molecular 
dynamics simulation of model systems of freely jointed chains with a truncated Lennard-Jones repulsive potential 
acting between all atoms. In a single chain with fixed end-to-end distance L and periodic boundary conditions, 
i t  is found that excluded volume causes negative orientation ( ( P z )  < 0) for sufficiently small L. This effect 
has been observed previously for a tie molecule and suggests an analogy between the confining effect of the 
crystalline lamellae on the tie molecule and that of excluded volume on the chain with periodic boundary 
conditions. In a system of three chains, corresponding to the three-chain model of rubber elasticity, it  is found 
that intrachain excluded-volume interactions alone cause a decrease in orientation in the tensile region, but 
inter- and intrachain interactions together cause an  increase in orientation beyond the ideal chain case. It 
is also found that  excluded volume has a much greater effect upon the chains with end-to-end vector per- 
pendicular to  the elongation direction than upon the chain parallel to  that  direction. 

Introduction 
A rubberlike solid represents, from the atomistic view- 

point, a rather complex system. The topological character 
of the covalent bonds which form the long-chain molecules 

0024-9297/88/2221-0773$01.50/0 

permits large-amplitude thermal motion of their atoms, 
as in a liquid, while cross-linking of these molecules sup- 
ports the types of deformation characteristic of a solid. 
There are, in addition, noncovalent interactions between 
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the atoms; of these, we are here most concerned with the 
strongly repulsive, excluded-volume interactions which 
prevent any two atoms of the system from occupying the 
same place in space. 

The classical molecular theory of rubber elasticity, which 
had its beginnings over 50 years ago, surmounts these 
complexities by focusing on the entropic character of the 
constituent long-chain molecules. Furthermore, the as- 
sumption based on experimental observation that the 
deformations of interest, e.g., uniaxial elongation, take 
place at constant volume means that the pressure or mean 
stress is determined by boundary conditions and not by 
the constitutive relation. The latter, therefore, need only 
deal with the deviatoric stress, i.e., the difference between 
the full stress tensor and the mean stress. If the further 
assumption is made that excluded-volume interactions 
contribute only to the mean stress, then it might appear 
that these interactions need not be considered explicitly 
in the molecular theory for the deviatoric stress. 

Nevertheless, excluded volume may have significant 
indirect effects and in this series of papers we are exploring 
this possibility by means of the molecular dynamics sim- 
ulation of idealized models of such systems. In the first 
of these papers2 we developed the virial stress formulation 
for rubber elasticity. This provides a local view of stress, 
as opposed to the customary one which may be termed the 
chain view, and permits a rigorous and convenient method 
for the evaluation of the state of stress in the system being 
studied by molecular dynamics. The virial stress formu- 
lation was then applied in the second paper3 of this series 
to the study of a three-chain model of rubber elasticity in 
uniaxial deformation. The purpose of this study was to 
examine the usual assumption by which the chains are 
regarded as ideal and noninteracting, with excluded-vol- 
ume effects completely neglected. For the model studied, 
signififcant indirect excluded-volume effects on the de- 
viatoric stress were found. Furthermore, it was shown in 
that papera how this nonideal behavior in the three-chain 
model of a network could be reconciled with the Flory 
theorem* which states that the behavior of a chain in a 
melt approaches that of an ideal chain as the melt density 
is increased. 

An important and much studied6 characteristic of the 
deformation of rubberlike materials is the development 
of preferred segment orientation with elongation, and in 
recent years various spectroscopic techniques have been 
developed to study this process? In this paper we examine 
excluded volume effects on orientation by the molecular 
dynamics simulation of the models previously introduced. 
We begin, in section 1, with an examination of a single 
chain and continue, in section 2, with excluded volume 
effects on orientation in the three-chain model of rubber 
elasticity. In section 3, the relationship between deviatoric 
stress and orientation is examined and conclusions are 
presented in section 4. 

1. Orientation i n  Single  Chains 
As before, we study a model equivalent to a freely 

jointed chain with a hard-sphere interaction. For com- 
putational and conceptual convenience, the covalent po- 
tential is represented by a stiff linear spring and the 
hard-sphere potential is replaced by a truncated Len- 
nard-Jones potential. That is, the covalent potential u,(r) 
is 

(1.1) 

where r is the distance between adjacent atoms on a given 
chain, and the noncovalent potential is 

u,(r) = y2K(r - a)2 

= u,,(ro) for r 2 ro (1.2) 
where r denotes the distance between any nonadjacent pair 
of atoms and ro = 21/6a. The results reported in this paper 
were carried out for Ka2/kT = 202.4 and r/kT = 0.05. All 
calculations with nonzero a employed the value a l a  = 0.8. 

The atoms of the chain have positions xk, k = 0, ..., N 
with xN = Lel. In order to avoid end effects in the non- 
covalent interactions, all atoms in the chain are also as- 
sumed to interact with image atoms at  positions xk + 
mLel, k = 1, ..., N - 1, m = f l ,  f2 ,  ... 

An outline of the molecular dynamics procedure em- 
ployed is contained in the Appendix of ref 3. At each time 
step of the calculation and for each bond the program 
includes a computation of cos 8, where 8 is the angle be- 
tween the bond and the axial direction el. A sorting 
routine on these computed values of cos 8 then yields the 
equilibrium distribution function g(cos 8) for different 
values of the extension LINa. Typical results are shown 
in Figure 1. One qualitative effect of excluded volume 
is immediately apparent. If excluded volume is neglected 
( u  = 0), the distribution function g(cos 8) is concave up- 
ward for all values of L/Na whereas with excluded volume 
(a = 0.8a) g becomes concave downward at sufficiently 
small values of LINa. 

The usual method of characterizing the distribution 
function g(cos 8) is through its expansion in a series of 
Legendre polynomials, P,(cos 8). The most significant 
expression coefficient is (P2(cos 8)) = ( P 2 )  where 

(1.3) 

and where carats denote an ensemble average, in this case 
an average over all bonds and time. A computation of ( P 2 )  
is included in the molecular dynamics program and typical 
results are shown in Figure 2 for both the ideal chain (a 
= 0) and for the chain with excluded volume (a = 0.8a). 
In the former case, the molecular dynamic results are 
compared with the theoretical expression7 

(P2)  = y2 (3(C0S2 8)  - 1) 

where , C * ( x )  is the inverse Langevin function. The 
agreement between the molecular dynamics results for u 
= 0 with eq 1.4 is seen to be quite good. 

Turning next to the effect of excluded volume (a = O&), 
it is seen that since the dominant nonconstant term in the 
series expansion of g(cos 8) is that involving P2, the change 
in sign of curvature of g(cos 8) with L/Na indicates a 
similar change in sign of ( P 2 ) .  The variation of ( P 2 )  with 
L/Na as determined by molecular dynamics for a = 0.8a 
is shown in Figure 2, and it is seen that it does become 
negative for small values of this parameter. 

Negative values for (P2) for small values of L/Nu were 
also found by Petraccone et al.s in a model for a tie 
molecule confined between two crystalline lamellae, Figure 
3a. In their calculations, performed on a lattice, exclud- 
ed-volume effects for the atoms in the tie molecule were 
not included, but the bounding lamellae favored segment 
orientation perpendicular to the chain axis and this led 
to negative values of ( P 2 )  for small L/Na. In our model, 
excluded-volume effects together with periodic boundary 
conditions apparently produce a confining effect which is 
similar (Figure 3c) to that of the lamellae in the calcula- 
tions of Petraccone et aL8 This analogy between the two 
problems is in accord with the discussion of Weiner and 
st even^.^ 



Macromolecules, Vol. 21, No. 3, 1988 

0.7 

Excluded-Volume Effects in Rubber Elasticity 775 

C 

N=60,  L/Na=0.075 - 
a=O.O - - -  

N=60,  L/Na=0.3 
a=O.O - - -  

0.2 I/' - - 
-0.5 0 0.5 1 

0 . 0 L '  I ' ' ' ' ' ' ' ' . I ' ' ' ' ' 
-1 

cos6 
0.8 

N=60, L/Na=0.15 

- a=0.8a 0.6 

0.2 0'3 -1  i_il_i_l -0.5 0 0.5 1 

cos6 
Figure 1. Distribution function g(cos e) for a single freely jointed 
chain with periodic extension, where 0 is the angle between the 
bond and the end-to-end chain vector. L is the end-to-end dis- 
tance, N is number of bonds each of length a, and the parameter 
U, eq 1.2, is a measure of excluded-volume diameter. (a) L / N a  
= 0.3; (b) L / N a  = 0.15; (c) L / N a  = 0.075. 

The effect of excluded volume on segment orientation 
as measured by ( P z )  is also analogous to its effect on the 
time-averaged axial force ( f )  required to maintain a fixed 
end-to-end length L.  In the ideal chain, ( f )  > 0 for all 
values of L. However, with the consideration of excluded 
volume, it is found that there is a value Lo such that ( f )  
< 0 for L < Lo and the graph of the (f)(L) relation is very 
similar in appearancelo to that of the ( P z ) ( L )  relation. 
This similarity is more than fortuitous and we return to 
this question in section 3 in terms of the relation between 
stress and orientation. 
2. Three-Chain Model 

We consider next a system which models a cross-linked 
network of the freely jointed, hard-sphere chains. The 

P 0.5  

Ifl Excluded volume, o = O h  

Single chain, N=60 
o Ideal chain, o=O.O 

Eq. (1.4) 
0.4 0.3 i 
0.2 

r\, 
a v 0.1 

00 

-0  1 
0 0.2 0.4 0.6 0 8  

L/Na 
Figure 2. Orientation function, (P2) = (P2(cos e)), for a single 
freely jointed chain with periodic extension, where 0 is the angle 
between the bond and the end-bend chain vector, as determined 
for an ideal chain (u  = 0) by molecular dynamics and by theory 
(eq 1.4) and for chain with excluded volume ( u  = 0.8a) by mo- 
lecular dynamics. 

system is based on the familar three-chain model of rubber 
e1asticity.l' To construct the system in the reference state, 
we start with a cube of side Lo centered at  the origin of 
a rectangular Cartesian coordinate system. Three chains, 
each with N bonds, are located in the cube with one chain 
running in each coordinate direction with its end atoms 
fixed in the center of the cube planes perpendicular to that 
direction. Periodic boundary conditions are employed in 
all three coordinate directions. The system is subjected 
to a uniaxial deformation at  constant volume so that the 
cube side in the x1 direction has length &,, while the other 
two sides have length h-'/2Lo. 

Molecular dynamics simulation of this model is carried 
out as described in the Appendix to ref 3. This program 
also computes (Pz(cos e)) where, in contrast to the dis- 
cussion of the single chain in section 1, here 8 is the angle 
between any bond of the system and the direction of 
elongation, xl. 

For an ideal Gaussian network, theory predicts 
1 

5N 
(Pz)  = -(A2 - A-1) (2.1) 

The numerical results for no excluded volume (a = 0) are 
shown in Figure 4 where they are compared with the 
theoretical prediction of eq 2.1. The agreement is seen to 
be quite good; the slight discrepancy at  the larger values 
of h may be attributed to the non-Gaussian behavior of 
the finite chains of the model. 

We turn next to calculations for the three-chain model 
with excluded volume, u = 0.8a, and distinguish between 
(a) the case of noninteracting chains, i.e., intrachain ex- 
cluded volume effects only, and (b) interacting chains, Le., 
inter- and intrachain excluded-volume effects. Calculations 
were performed for a reduced system density p = 0.18, 
where p is defined as 

(2.2) 

The results are shown in Figure 5, where they are com- 
pared to the case of noninteracting ideal chains, a = 0. It  
is seen that intrachain excluded-volume effects by them- 
selves decrease ( P z )  in the tensile region. However, both 
inter- and intrachain excluded volume effects together 
produce a substantial increase. 

It is of interest to examine the simulation results in 
greater detail to understand how these changes in orien- 
tation are effected. The results shown in Figure 5 showed 

p = 3(N + l ) a 3 / L 2  
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Figure 3. Analogy between the confinement effect of crystalline 
lamellae on the tie molecule and of excluded volume on atoms 
of a periodically extended single chain. (a) Schematic of tie 
molecule between crystalline lamellae as discussed by Petraccone 
et al.8 (b) Instantaneous positions of atoms and bonds as obtained 
from molecular dynamics simulation and projected onto a plane 
containing an end-bend vector of length L. Atoms shown in black 
are fixed. No excluded volume, u = 0. (c) Same as (b) but with 
excluded volume, u = 0.8~.  Note that excluded-volume inter- 
actions with atoms of periodic extension of chain confine atoms 
of principal chain to a strip of width L and favor a bond orientation 
perpendicular to the end-to-end chain vector. 

the value of ( P 2 )  as determined by averaging over all of 
the bonds of the system, without regard to the chain to 
which a particular bond belongs. For the uniaxial defor- 
mation in the x1 direction under study here, we now con- 
sider a decomposition of ( P 2 )  of the form 

(PZ) = 1/3(PZ)[I + 2/3(PZ)L (2.3) 

where (P2),, is the average over all bonds in the chain 
whose end-to-end vector lies in the x1 direction, termed 
the longitudinal chain, while ( P 2 )  I is the average over each 
of the chains with end-to-end vectors in the x 2  and x 3  
directions, the transverse chains. In all cases, 8, the bond 
orientation, is measured from the x1 direction. In this 
connection we note that, for rotationally symmetric chains, 
if 4 is measured from the end-to-end chain vector r and 

i- 
004 t 
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h A O o 3  E 
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m l  r 
a t 

0 0 2  
v 
N 

‘y 0 0 1  

0 00 t 

N = 60 
- Gaussian network, Eq. (2.1) 
d Molecular dynamics,o=O.O 

Figure 4. Comparison of the molecular dynamics simulation of 
a three-chain model with no excluded volume (u = 0) with the- 
oretical prediction for Gaussian network, eq. 2.1. 0 is angle be- 
tween any bond of system and extension direction, xl. 

p = 0.16 , N = 60 
o Non-interacting ideal chains,u=O.O 

1 2 3 
-0 02 

0 

Extension ratio,h 
Figure 5. Effect of excluded volume (EV) on bond orientation 
in a three-chain model; 0 is the angle between any bond of system 
and extension direction, xl. Reduced system density p defined 
in eq 2.2. 

8 is measured from a direction perpendicular to r, then it 
follows from simple geometric considerations that 

(P2(cos 8)) = -f/z(Pz(cos 4) ) (2.4) 
The results of this decomposition are shown in Figure 6. 
Three curves are presented for both (P2),l and ( P 2 ) l :  (i) 
ideal chains, u = 0; (ii) chains with u = 0.8, no interchain 
interaction; and (iii) chains with F = 0.8, inter- and in- 
trachain interaction. The first two curves are obtained 
from the single-chain results shown in Figure 2, but are 
plotted against X instead of against L / N u .  (Recall that 
L = xLo for longitudinal chains, while L =, X-1/2Lo for 
transverse chains.) Also, in the case of transverse chains, 
eq 2.4 is employed since, in Figure 6,B is measured from 
the x1 direction for the transverse chains as well as for the 
longitudinal chain. It is seen that interchain interaction 
causes an increase in orientation in the tensile region for 
both longitudinal and transverse chains. However, this 
increase is modest for longitudinal chains and leaves ( P 2 )  
substantially below that for the ideal chain, whereas the 
increase due to interchain interaction is quite large for 
( P 2 ) l .  It is the latter effect which is responsible for the 
overall increase in (P2)  observed in Figure 5 when both 
inter- and intrachain excluded-volume effects are consid- 
ered. 
3. Stress-Orientation Relation 

An important question is the relationship between the 
stress imposed on a rubberlike solid and the segment or 
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Figure 6. Effect of excluded volume on bond orientation of (a) 
longitudinal chains, (P,),,, and of (b) transverse chains, (P2)1. 

bond orientatioin produced by the resulting deformation. 
The usual theoretical treatments of this question, based 
on the chain view of stress, takes place in two stages: (a) 
The imposed macroscopic deformation produces a corre- 
sponding change in distribution in the end-to-end chain 
vectors of the system. This change is expressed most 
simply in terms of the affine assumption or by means of 
more advanced theories, such as the constrained-junction 
theory of Flory and Erman.12J3 (b) The change in bond 
orientation is then deduced from the change in end-to-end 
vector distribution. 

For the case of the present freely jointed model in un- 
iaxial deformation, the virial stress formula, discussed in 
ref 2 and used in ref 3, provides a more direct and trans- 
parent relationship between stress and orientation. In 
those references, the components of the full stress tensor 
referred to a rectangular Cartesian coordinate system x i ,  
i = 1,2,3, are denoted by tip As noted there, in a system 
treated as incompressible, only the deviatoric stress rij = 
t i j  - 1 / 3  6 i j t k k  is determined by the constitutive relation. 
Here 6ij is the Kronecker delta and l 1 3 t k k  (summation on 
repeated indices) is the mean stress to be determined from 
the boundary conditions. For the case of uniaxial defor- 
mation in the x1 direction, tB = t 3 3  and ~1~ = 2 / 3 ( t l l  - t 22 ) .  

Furthermore, the computer simulation results of ref 3 
showed that the noncovalent hard-sphere potential made 
almost a purely isotropic contribution to the stress tensor 
tij or, equivalently, the deviatoric stress was due almost 
entirely to the covalent interactions. Under these con- 
ditions, the virial formula for the deviatoric stress com- 
ponent rll is (see eq 2.5 of ref 3) 

1 
= - (rau,'(r,',)[3 cos2 0, - 11) (3.1) 

3U,€C 
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Figure 7. Deviatoric stress, 711, in a three-chain model. 

p = 0.18 , N = 60 

700 

400 500 0 r 1 2 3 

Extension ratio, A 
Figure 8. Ratio of deviatoric stress, ill, to orientation function, 
( P 2 ) .  Curve shown is a straight line corresponding to a least- 
square fit to computed points. 

where u,(r) is the covalent potential defined in eq 1.1, u,' 
is its derivative, the sum is over all of the bonds in the 
volume u = Lo3, and 8, is the angle between the LY bond 
and the xl axis. In the present notation, eq 3.1 can be 
rewritten as 

a form which makes the relation between stress and ori- 
entation quite transparent. 

The variation in deviatoric stress T~~ with X for the 
three-chain model as computed from the molecular dy- 
namics simulation by means of the virial stress formula 
is shown in Figure 7. The strong similarity between the 
nature of stress variation shown in this figure and the 
overall orientation variation shown in Figure 5 is apparent. 
The ratio of 7 1 1 1  (P2) is shown in Figure 8 and is seen to 
be reasonably constant. 

Conclusions 
The computer studies of the hard-sphere, freely jointed 

system reveal significant excluded-volume effects upon 
bond orientation. Particular observations are as follows: 

(1) In a single chain with fixed end-to-end distance L,  
which interacts through periodic boundary conditions with 
an infinitely extended chain, excluded-volume effects are 
found to produce negative orientation, ( P2) < 0, for suf- 
ficiently small L/Na. This result is similar to that found 
earlier by Petraccone et al.s in a model without excluded 
volume for a tie molecule confined between two crystalline 
lamellae and serves to demonstrate the analogy between 
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the two problems discussed earlier by Weiner and st even^.^ 
(2) In the three-chain model it is found that intrachain 

excluded-volume interactions alone cause a decrease in 
orientation in the tensile region, as compared to the ideal 
chain case, but a substantial increase in orientation as 
compared to the ideal chain case occurs if interchain in- 
teractions are included as well. 

(3) It  might be expected that the effect of excluded 
volume on bond orientation in an amorphous network 
should be independent of the end-to-end vector of the 
chain to which the bond belongs. This is the assumption 
made by Tanaka and Allen14 in their refinement of the 
DiMarzio ana ly~is '~  of the packing effect in rubber elas- 
ticity. The present computer studies of the uniaxial de- 
formation of the three-chain model, however, show that 
bonds in the longitudinal chain (end-to-end vector in the 
direction of deformation) and those in the transverse 
chains (end-to-end vector perpendicular to the direction 
of deformation) are affected differently by excluded vol- 
ume. Referring always to the tensile regime, it is found 
that intrachain interactions alone cause a large decrease 
in orientation, i.e., in (P2) ,  for longitudinal chains but these 
interactions cause an increase and change in sign in ori- 
entation for transverse chains. If interchain interactions 
are included as well, then there is an increase in ( P 2 )  for 
both longitudinal and transverse chains. However, the 
former increase is modest, leaving the value of ( P 2 )  l l  still 
below that of the ideal chain, whereas the increase in (P2)l 
is large. It is the latter effect that is responsible for the 
overall increase in ( P 2 )  in the tensile region. 

(4) The virial stress formulation for the deviatoric stress 
component 711 for uniaxial deformation in the x1 direction 
exhibits the dependence of ill upon bond orientation in 
a more direct manner than does the usual chain view of 
stress. 

Molecular dynamics simulations of the three-chain 
model yield a ratio of ill/ (P2) which is reasonably constant 
( f5%) over an extension range 0.4 < X < 3. This is in 
contrast to the recent results of Erman and Monnerie5 who 
conclude on the basis of the constrained-junction theory 
of Flory and Erman"J2 that orientation is not proportional 
to stress in real networks. The effect of junction fluctu- 
ation is, of course, absent from the three-chain model. 

(5) The large excluded-volume effects on bond orienta- 
tion in the present three-chain model of rubber elasticity 
are in contrast to the relatively weak excluded-volume 
effect on the molecular optical anisotropy of polymers 
found by Lemaire et a1.16 by Monte Carlo calculations for 
chains constrained to a tetrahedral lattice and by Mattice 
and Said' for realistic rotational isomeric state models for 
six types of polymers, although appreciable effects in ra- 
cemic vinyl polymers were found in the latter study. In 
both of these works, isolated free molecules with uncon- 
strained end-to-end vectors were studied as is appropriate 
for dilute polymer solutions. The present work indicates 
that excluded volume will have a much stronger effect on 
bond orientation in polymer networks in which end-to-end 
vectors are subject to some constraint. 

(6) An assumption in some theories of rubber elasticity 
is that the network can be regarded as a system of non- 
interacting ideal chains. This assumption was examined 
in ref 3 on the basis of a comparison of the stress predicted 
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by it and that determined by the virial stress formula 
applied to a molecular dynamics simulation. The present 
study of excluded-volume effects on orientation serves to 
cast further doubt on the validity of this assumption, which 
may be stated also in the form that the configurations of 
the polymer chains are unperturbed by their neighbors. 
However, the large change in bond orientations due to 
excluded-volume interchain interactions reflects corre- 
spondingly large changes in the chain configuration dis- 
tribution and shows that this is not the case for the model 
studied here. 

Other more recent theories of rubber elasticity introduce 
noncovalent interactions through their effect on cross-link 
fluctuations,18-21 as confining t ~ b e s ~ ~ - ~ '  or entangling 
slip-links.28 The extent to which these approaches serve 
to represent the excluded-volume effects as seen in more 
fully atomistic treatments remains a subject for future 
study. 
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